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Step Instabilities on a Vicinal Face induced by Flow of Solution
Masahide Sato ∗
Information Media Center, Kanazawa University, Kakuma-cho, Kanazawa 920-1192, Japan
Considering growth of a vicinal face from solution, by carrying out Monte Carlo simulation,
we study step bunching induced by ﬂow of atoms in solution. For simplicity, we use two-
diﬀusional solution ﬁeld and one-dimensional vicinal face. When the ﬂow of atoms in solution
is in the step-down direction, the vicinal face is unstable and step bunching occurs. When
the ﬂow is fast, small bunches are formed in the inital stage. The size of bunches increases
by coalescence of small bunches. In a later stage, coalescence and separation of bunches
repeatedly occur, and the size of bunches is saturated. When the ﬂow is slow, the bunches
grow from the modulation of step density in the initial stage. The size of bunches increases
with time as ∼ t1/3.
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1. Introduction
A vicinal face consists of a train of equidistant straight steps. On the vicinal face, the steps
show two types of instabilities. One is step bunching, which is an instability for ﬂuctuations
of step distance, and the other is step wandering, which is an instability for ﬂuctuations along
steps.
During vapor growth, the instabilities of steps are induced by the drift of adatom.1–10
Owing to the drift, the surface diﬀusion ﬁeld is asymmetric with respect to steps. The asym-
metry in the surface diﬀusion ﬁled causes the step instabilities. Direction to cause the step
instabilities depends on the permeability of steps, the rate of step kinetics, terrace width and
various growth conditions.
When a vicinal face grows from solution, step wandering is caused by the ﬂow of atoms
in solution. According to a linear stability analysis,11 the ﬂow opposite to the motion of steps
causes the step wandering. In an experiment,12 the step wandering is observed on growing
KH2PO4 (KDP) crystal. The direction to cause the step wandering agrees with a theoretical
prediction.11
Step bunching is also caused by the ﬂow in solution. Chernov et al.13–15 carried out stability
analysis. In their models, the kinetic coeﬃcient is proportional to the step density. The step
density is assumed to be so hight that the vicinal face is treated as the line sink of atoms.
According to the analyses,13–15 when the direction of the ﬂow is the same as that of the motion
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of steps. the vicinal is unstable for long wavelength ﬂuctuation. By a numerical simulation
of nonlinear evolution equation of step density,16 quasi-regular array with high step density
are formed on the unstabilized vicinal face. The form of array is similar to that of bunches
observed in experiments.16,17
The condition to cause the instabilities and the motion of step density were studied in
previous studies,13–16 but the motion of each step during bunching and process of formation
of large bunch have not been suﬃciently studied. In this paper, to ﬁnd the motion of each
step in bunching, we carry out Monte Carlo simulation by using a very simpliﬁed model. We
assume the steps are straight. We consider the two-dimensional diﬀusion ﬁeld in solution and
an array of steps on one-dimensional vicinal face. In the model, the vicinal face is expressed
as a line and the positions of steps are given points on the line.
In Sec. 2, we introduce the model. In Sec. 3, we carry out Monte Carlo simulations. We
show some of typical time evolution of position of with various values of ﬂow, and study the
time evolution of with of step distance in bunching. In Sec. 4, we summarize the results and
give a brief discussion.
2. Model
For simplicity, we assume that steps are straight. The diﬀusion ﬁeld in solution is two-
dimensional and the vicinal face is one-dimensional. In solution, we consider a square lattice.
Atoms in solution move on the latticesites (Fig. 1). On the vicinal face, the height of the steps
is neglected . Then, the vicinal face and the steps are expressed by a line and points on the
line, respectively. The steps advance to the x-direction and the altitude of the vicinal face is
given by z = 0.
Fig. 1. Schematic ﬁgure of (a) vicinal face and (b) model we used. Squares and circles represent solid
atoms and atoms in solution, respectively. Arrows show the position of steps.
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In a Monte Carlo trial, we randomly choose an atom in solution or a solid atom which
is at the edge of step. When an atom is chosen, a diﬀusion trial is carried out. The ﬂow in
solution is taken into account as bias in the diﬀusion probability.8, 10 When an atom on the
site (i, j) is chosen, the atom moves to the site (i, j ± 1) with probability 1/4 and to the site
(i ± 1, j) with probabilities, p± = (1 ± pflow)/4. Time increases in a diﬀusion trial. In order
that the diﬀusion coeﬃcient D = 1, the time increment is given by Δt = 1/4Ns, where Ns
is the number of atoms in solution. The parameter pflow in the diﬀusion bias represents the
ﬂow of atoms in solution. Taking account of the viscosity in solution, we assume that pflow is
proportional to the altitude from vicinal face. When the z-coordinate is given by z = j, the
asymmetry of the diﬀusion probability is expressed as pflow = p
0
flow(j − 1). The diﬀusion of
the atoms which attach to the vicinal face is not inﬂuenced by the ﬂow in solution. The sign
of p0flow shows the direction of the ﬂow. When p
0
flow is positive, the ﬂow is in the step-down
direction. The asymmetry in the diﬀusion probability increases with increasing the altitude.
If the altitude is so hight that pflow > 1, we set the hopping probabilities p+ and p− to be 1
and 0, respectively.
When the atom arrives to the vicinal face after the diﬀusion trial, the trial of solidiﬁcation
is carried out. If the position of the atom is given by (iatom, 1) and a step is present at





where φ is the chemical potential gain by solidiﬁcation. If the solidiﬁcation succeeds, the step
advances to x = iatom and the atom in solution at the site (iatom, 1) vanishes. When a step is
chosen, melting trial is carried out. If the position of the step is given by x = istep and the
site (istep, 1) is not occupied by an atom, the melting trial is carried out with probability,
18
pm = 1− ps = 1
eφ/kBT + 1
. (2)
When the melting trial succeeds, the position of the step recedes to x = istep − 1 and an
atom is placed at the site (istep, 1). In the place where the altitude is larger than the critical
value zmax, the concentration of atoms becomes constant value c∞. If c∞ is higher than c0eq,
solidiﬁcation frequently occurs and the steps advance. In opposite case, melting occurs more
frequently than solidiﬁcation and the steps recede. If c∞ is equilibrium value ceq, the frequency
of melting is equal to that of solidiﬁcation. The probabilities of melting and solidiﬁcation





3. Monte Carlo simulation
We give ﬂow of atoms in solution and study how the motion of advancing steps changes
depends on the direction of ﬂow.
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Fig. 2. Time evolution of step positions. The ﬂow in solution are (a) in step-down direction with
p0flow = 0.1, (b) absent with p
0
flow = 0 and (c) in step-up direction with p
0
flow = −0.1.
Figure 2 shows the time evolution of the positions of steps during growth. The system
size in the x-direction and that in the z-direction are given by Lx = 512 and Lz = 128,
respectively. The critical altitude is given by zmax = 96. The concentration of atoms in solution
in z > zmax is c∞ = 0.2 and the strength of the ﬂow is given by |p0flow = 0.1|. We use the
periodic boundary condition in the x-direction. The number of steps is 16, and initial positions
of steps are equidistant. We use φ = 3.0 as the chemical potential gain. Then, the equilibrium
concentration is given by ceq = 4.74 × 10−2. Since c∞ is much larger than the equilibrium
concentration, solidiﬁcation occurs more frequently than melting, and steps advance.
When the ﬂow is in the step-down direction (Fig. 2(a)), the vicinal face becomes unstable
as expected from stability analyses ,13–15 In the initial stage, small bunches are formed by
coalescence of steps. The size of bunches increases owing to the coalescence of small bunches.
When t > 2.5×104, the vicinal face is separated to the bunches and large terraces. Single steps
do not exist on the large terraces. When the ﬂow is absent (Fig. 2(b)), the steps collide with
each other and temporarily form small bunches. The bunches are not stable and broken by the
collision of steps. They do not grow into large bunches. With step-up ﬂow, large bunches are
not formed either (Fig. 2(c)). In theoretical studies,13–15 the ﬂuctuation of distancd between
setps with step-up ﬂow is expected to be smaller than that without ﬂow, but in Fig. 2, the
diﬀerence is not obvious.
To ﬁnd the growth law of the size of bunch, we study the time evolution of ﬂuctuation of
width of terrace. Figure 3 represents the time evolution of width of ﬂuctuation of step distance







l(i)− l¯ ]2. (4)
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Fig. 3. Time evolution of width of ﬂuctuation of step distance. The ﬂow in solution are (©) in the
step-down direction, ()in the step-up direction and () absent. The parameters are the same as
those in Fig. 2 and data are averaged over 50 runs.
l¯ is the average step distance, and ns is the number of steps. The width of the ith terrace
is given by l(i) = x(i + 1) − x(i), where x(i) is the position of the ith step. The width w is
averaged over 50 runs.
When the ﬂow is absent, the ﬂuctuation of the step distance is present, but the bunches
are not formed. w is rapidly saturated. The saturated value of the width is given by w∞ ≈ 20.
With step-up ﬂow, the step bunching does not occur either. Though the diﬀerence between
w with step-up ﬂow and w without ﬂow is small, w with step-up ﬂow is slightly smaller than
that without ﬂow. Thus, the step-up ﬂow stabilizes the vicinal face, which agrees with the
linear stability analyses.13,15 When the ﬂow is in the step-down direction, w becomes large
owing to the step bunching. The period of time during which the width increases is much
longer than that with step-up ﬂow, In the initial stage ( t ≤ 5× 104), w increases with time.
In later stage (t ≥ 5× 104), w seems to be saturated. The saturated value is w∞ ≈ 50, which
is much larger than that with step-up ﬂow.
Figure 4 shows the time evolution of step bunching in a late stage. When t ≈ 26 × 104,
a single large bunch is temporarily formed. The bunch, however, is unstable and broken into
some of bunches and single steps. In a later stage, collision and separation of bunches occur
repeatedly. In the initial stage, when small bunches collide with each other, they coalesce into
large one bunch. Single steps are not present on large terraces. Then, in the late stage, in
which the ﬂuctuation of step distance is saturated, the behavior of bunches is diﬀerent from
that in the initial stage.
When the strength of ﬂow is changed, behaviors of bunches may be changed. To ﬁnd the
dependence of the behaviors on the strength of ﬂow, we carry out simulations with various
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Fig. 4. Time evolution of positions of steps in a late stage. Parameters are the same as those in Fig. 2.







Fig. 5. Time evolution of width of ﬂuctuation of step distance with various ﬂow. p0flow are (©) 0.05,
() 0.01, (♦) 0.005, () 0.003, (	) 0.001 and ( •) 0. Data are averaged over 50 runs.
values of ﬂow. Figure 5 represents the time evolution of w, in which the used value of pflow is
smaller than that used in Fig. 2. Irrespective of the values of p0flow, w increases with time in
the initial stage and is saturated in late stage. With increasing p0flow, the saturated value of
width, w∞ increases.
Figure 6 shows the time evolution with p0flow = 0.001. The value of pflow is used in Fig. 5.
The motion of steps is diﬀerent from that in Fig. 2. In the initial stage, small bunches are not
formed and modulation of step density occurs. The collision of steps to the region with high
step density and the separation of steps from the region with high step density frequently
occurs. Single steps are presents on terraces. The behaviors are similar to the motions of steps
in Fig. 2(b) and (c) rather than to those in Fig. 2(a), but in later stage, the amplitude of
modulation of step density gradually increases and loose bunches are produced.
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Fig. 6. Time evolution of positions of steps with p0flow = 0.001. Other parameters are the same as
















Fig. 7. Time evolution of w in the initial stage. The values of p0flow are (©) 0.05, () 0.01, (♦) 0.005
and () 0.003. Other parameters are the same as in Fig. 2. Data are averaged over 50 runs.
In Fig. 3, the width w increases with time in the initial stage and is saturated in late
stage. The time at which the saturation of w occurs and the saturated value of w depends on
the value of p0flow. Then, we study the dependence of w on p
0
flow in detail. Figure 7 represents
the initial stage of the time evolution of w. In the stage, w increases with time as w0t
1/3. The
factor w0 increases with increasing p
0
flow. As shown in Fig. 8(a), the relation between w0 and
p0flow is given by w0 ∼ (p0flow)α with α = 1/9. The dependence of w∞ on p0flow is expressed
in Fig. 8(b). w∞ also increases with increasing p0flow. The relation between them is given by
w∞ ∼ (p0flow)β with β ≈ 3/20.
When the relations between w and p0flow are taken into account, by using the scaled times
t˜ and the scaled width w˜, the curves with various values of p0flow in Fig. 5 are expressed
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Fig. 8. Dependence of (a) w0 on p
0
flow and (b) w∞ on p
0
flow. The values of w0 are estimated from






Fig. 9. Dependence of scaled width w˜ on scaled time t˜. p0flow is (©) 0.05, () 0.01, (♦) 0.005 and
() 0.003.
by a single curve as w˜ ∝ f (t˜). Figure 9 represents the scaled time evolution of width of
step distance. The scaled variables, t˜ and w˜ are given by t˜ = (p0)
1/3




respectively. The scaling function f(t˜) is proprotional to t˜1/3 in the initial stage and saturated
in the late stage.
4. Summary and discussion
In this paper, we studied the step bunching on the vicinal face in solution by carrying out
Monte Carlo simulations. Without the ﬂow of atoms in solution, temporary collisions of steps
occur, but large bunches are not formed. With step-up ﬂow, the ﬂuctuation of step distance is
suppressed and the vicinal face is stable. The step bunching occurs with the step-down ﬂow.
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The size of bunches increases with time in the initial stage. The size is saturated in the late
stage.
The relation between the direction of ﬂow and the stability of bunch can be quantitatively
explained. During growth, the bunch acts as the sink of atoms. The concentration of atoms
around the bunch is lower than the other region. If the ﬂow is in the step-down direction, the
region with low concentration shifts to the step-down direction. At the front of the bunch,
the concentration around step becomes lower than that without ﬂow. Thus, velocity of the
front step becomes slow and the bunching proceeds. If the ﬂow in solution is in the step-up
direction, the region with low concentration shifts to the step-up direction. Then, at the front
of the bunch, the concentration around step becomes higher than that without ﬂow. The
velocity of the front step becomes fast and the bunch is broken into single steps from the front
side of bunch.
The process of formation of bunches changes with the strength of ﬂow. When the ﬂow
in solution is strong, small bunches are formed in the initial stage. Owing to coalescence of
small bunches, large bunches are formed. In a later stage, collision of steps to a bunch and
separation of steps form bunch repeatedly occurs. By Saturation of the size of bunch, single
large single bunch is not formed. When the ﬂow is week, the long wavelength modulation
of step density occurs in the initial stage. The amplitude of the modulation increases with
time and bunches are formed gradually. When time and the amplitude of ﬂuctuation of step
distance are scaled by the power of the strength of ﬂow with appropriate exponents, the time
evolution with various ﬂows is expressed by a single curve. Now we are trying to explain the
physical meaning of the exponents.
The step bunching are also induced by the drift of adatoms.1–10 In the case, the behaviors
of steps are changed by changing the parameters.1–10 For example, the separation of steps
does not occur in conserved system, but frequently occurs in non-conserved system.9 In the
case of growth from solution, the step behaviors may change with parameters. Thus, we are
now going to study how the behaviors depend on the parameters in detail.
We carried out simulations with assuming that the steps are straight. We considered
two-dimensional solution ﬁeld and one-dimensional vicinal face. According to the theoretical
study,11 the ﬂow in solution also induces step wandering. To study the step motion in detail, we
need to study motion of steps on the two-dimensional vicinal face under the three-dimensional
solution ﬁled.
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